Abstract. Let g be a finite dimensional Lie algebra over an algebraically closed field k of characteristic zero. We collect some general results on the Poisson center of S(g), including some simple criteria regarding its polynomiality, and also on certain Poisson commutative subalgebras of S(g). These facts are then used to finish the study of [05,5], i.e. to give an explicit description for the Poisson center of all indecomposable, nilpotent Lie algebras of dimension at most seven. Among other things, we also provide a polynomial, maximal Poisson commutative subalgebra of S(g), enjoying additional properties. As a by-product we show that a conjecture by Milovanov is valid in this situation. These results easily carry over to the enveloping algebra U(g).
1. Introduction 1.1 Let k be an algebraically closed field of characteristic zero and let g be a Lie algebra over k with basis x 1 , . . . , x n . For each ξ ∈ g * we consider its stabilizer g(ξ) = {x ∈ g | ξ( [x, y] ) = 0 for all y ∈ g}
The minimal value of dim g(ξ) is called the index of g and is denoted by i(g) [D5, 1.11.6; TY, 19.7.3] . Put c(g) = (dim g + i(g))/2. This integer will play an important role throughout this paper. An element ξ ∈ g * is called regular if dim g(ξ) = i(g).
subalgebra of S(g) and its quotient field R(h) is a maximal Poisson commutative subfield of R(g). If in addition h is also an ideal of g then {g, S(h)} ⊂ S(h) (1 of Examples 19).
In the nilpotent case we follow an approach by Michèle Vergne [V] , namely we consider an increasing sequence of ideals g i of g, such that dim g i = i, i : 0, . . . , n and we let V (g) be the subalgebra of S(g) generated by the union of all Y (g i ).
Then V (g) is complete and its Poisson commutant M = V (g) ′ is a strongly complete Poisson commutative subalgebra of S(g). Also, its quotient field Q(M) is a maximal Poisson commutative subfield of R(g) and {g, M} ⊂ M (2 of Examples 19).
A general criterion by Bolsinov asserts that for any g and ξ ∈ g * reg the MishchenkoFomenko subalgebra Y ξ (g) (see 2.8 for its definition) is complete if and only if g is nonsingular [Bo1, Bo2] . In 2.8 we give a counterexample to this and also state the improved version (Theorem 21) by Joseph and Shafrir [JS, 7.2] .
for all nilpotent Lie algebras of dimension at most 7. Finally, we will explain why these results can be interpreted directly as results for the enveloping algebra U(g), by using Proposition 18 and Examples 19.
Preliminaries and general results
Let k be an algebraically closed field of characteristic zero and let g be a Lie algebra over k with basis x 1 , . . . , x n .
The Poisson algebra S(g) and its center
The symmetric algebra S(g), which we identify with k[x 1 , . . . , x n ], has a natural Poisson algebra structure, the Poisson bracket of f, g ∈ S(g) given by:
In particular, S(g), {, } is a Lie algebra for which g is a Lie subalgebra since for any two elements x, y ∈ g we have that {x, y} = [x, y] . Also, for all f, g, h ∈ S(g):
{f, gh} = {f, g}h + g{f, h} (
It now easily follows that the center of S(g), {, } is equal to {f ∈ S(g) | {x, f } = 0 ∀x ∈ g} and since {x, f } = ad x(f ) this clearly coincides with Y (g) = S(g) g , the subalgebra of invariant polynomials of S(g). Furthermore, a subalgebra A of S(g) is said to be Poisson commutative if {f, g} = 0 for all f, g ∈ A.
Finally, the Poisson bracket has a unique extension to the quotient field R(g) of S(g) such that ( * ) holds in R(g). It follows that R(g), {, } is a Lie algebra with center R(g) g , the subfield of rational invariants of R(g). R(g) is called the rational Poisson algebra [V, p. 311] .
Two formulas involving the index of g
First, we recall from [D5, 1.14.13 ] that
Next, denote by Z(D(g)) the center of the quotient division ring D(g) of the enveloping algebra U(g) of g.
Theorem 1
trdeg k (R(g) g ) = trdeg k (Z(D(g))) ≤ i(g)
Moreover, equality occurs if one of the following conditions is satisfied:
(1) g is algebraic [RV, O1] .
(2) g has no proper semi-invariants (in S(g) or equivalently in U(g)) [OV, Proposition 4 .1].
2.3
The fundamental semi-invariant p g Let λ ∈ g * . We denote by S(g) λ the set of all f ∈ S(g) such that ad x(f ) = λ(x)f for all x ∈ g. Any element f ∈ S(g) λ is said to be a semi-invariant w.r.t. the weight λ. We call f a proper semi-invariant if λ = 0. Clearly, S(g) λ S(g) µ ⊂ S(g) λ+µ for all λ, µ ∈ g * . Let f, g ∈ S(g). If f g is a nonzero semi-invariant of S(g), then so are f and g. A useful link with U(g) is the symmetrization map, i.e. the canonical linear isomorphism s of S(g) onto U(g), which maps each product y 1 . . . y m , y i ∈ g, into (1/m!) p y p(1) . . . y p(m) , where p ranges over all permutations of {1, . . . , m}.
Remark 2. Suppose y 1 , . . . , y m ∈ g commute with each other. Then clearly, s(y 1 . . . y m ) = y 1 . . . y m .
s is known to commute with derivations of g and hence maps S(g) λ onto U(g) λ .
Taking λ = 0, the restriction
is an algebra isomorphism if g is nilpotent [D5, 4.8.12 ].
Next, take h ∈ R(g). Then, h ∈ R(g) g if and only if h can be written as a quotient of two semi-invariants of S(g) with the same weight. Similar properties hold in U(g) and D(g) [RV, p. 401; DNO, p. 329] .
Remark 3. Assume that g has no proper semi-invariants (as it is if the radical of g is nilpotent). Then R(g) g is the quotient field of S(g) g = Y (g). In particular,
by Theorem 1. Also, g is unimodular (i.e. tr(ad x) = 0 for all x ∈ g) by [DDV, Thm. 1.11 ] and its proof.
Definition 4. Put t = dim g − i(g), which is the rank of the structure matrix B = ([x i , x j ]) ∈ M n (R(g)), where x 1 , . . . , x n is an arbitrary basis of g. Assume first that g is nonabelian. Then the greatest common divisor q g of the t × t minors in B is a nonzero semi-invariant of S(g) [DNO, . If g is abelian we put q g = 1. Next, let p g be the greatest common divisor of the Pfaffians of the principal t × t minors in B. In particular, deg p g ≤ (dim g − i(g))/2. By [OV, Lemma 2 .1] p 2 g = q g up to a nonzero scalar multiplier. We call p g the fundamental semi-invariant of S(g) (instead of q g as we did in [OV, p. 309] ). This corresponds with Dixmier's notion of fundamental semi-invariant of U(g) where g = af (n, I C) [D4; DNO, p. 345] .
Remark 5. [OV, p. 307] g is singular if and only if p g / ∈ k
Example 6. Let g be a nonabelian Lie algebra with center Z(g). g is called square integrable (SQ.I.) if i(g) = dim Z(g). (In the nilpotent case such Lie algebras are precisely the Lie algebras of simply connected nilpotent Lie groups having square integrable representations [MW, Theorem 3] ). For instance any Heisenberg Lie algebra is square integrable. Choose a basis x 1 , . . . , x t , x t+1 , . . . , x n such that x t+1 , . . . , x n is a basis of Z(g).
, which is the rank of the matrix ([x i , x j ]) 1≤i,j≤t . By the above, its Pfaffian coincides with p g (up to a nonzero scalar). Hence, deg p g = (dim g − i(g))/2 ≥ 1 and so g is singular. In particular, any Frobenius Lie algebra g (i.e. i(g) = 0 [O2, E] ) is singular.
Commutative polarizations of g
Put c(g) = (dim g + i(g))/2. Now, suppose g admits a commutative Lie subalgebra h such that dim h = c(g), i.e. h is a commutative polarization (notation: CP) with respect to any ξ ∈ g * reg [D5, 1.12]. These CP's occur frequently in the nilpotent case. If in addition h is an ideal of g then we call h a CP-ideal (notation: CPI). If a solvable Lie algebra g admits a CP then it also admits a CPI [EO, Theorem 4 .1]. CP's play a special role in the construction of irreducible representations of U(g) and their kernels, the primitive ideals [EO, . However, for our purposes the following is more useful.
Theorem 7. [O3, Theorems 7, 14; Corollary 16] Let h be a commutative Lie subalgebra of g. Then,
The converse holds if g is algebraic.
2.5 The Frobenius semi-radical
. This is a characteristic ideal of g containing Z(g) and for which F (F (g)) = F (g). It can also be characterized as follows:
and if g is algebraic then F (g) is the smallest Lie subalgebra of g with this property. Similar results hold in D(g) [O4, Proposition 2.4, Theorem 2.5] (see also [Ce2] ).
As a special case we have the following:
and F (g) is the smallest Lie subalgebra of g with this property in case g is an algebraic Lie algebra without proper semi-invariants.
In case g is square integrable we notice that
See also [O4, p. 283; DNOW, p. 323] . In particular, Y (g) = S(Z(g)), which is a polynomial algebra.
If g admits a CP h then F (g) is commutative (since F (g) ⊂ h). We will examine in Theorem 22 and Remark 23 when the converse holds. Clearly,
if and only if g is Frobenius
For this reason F (g) is called the Frobenius semi-radical of g. At the other end of the spectrum we have the Lie algebras for which F (g) = g, which we call quasi-quadratic. These are unimodular and they do not possess any proper semi-invariants. They form a large class, which include all quadratic Lie algebras (and hence all abelian and semi-simple Lie algebras) [O4] .
2.6
The sum rule and its converse Theorem 9. [OV, Proposition 1.4] Assume that Y (g) is freely generated by homogeneous elements f 1 , . . . , f r . If g has no proper semi-invariants (•) then:
where p g is the fundamental semi-invariant of g.
Remark 10. Recently Joseph and Shafrir [JS] were able to extend this sum rule by replacing condition (•) by: trdeg k Y (g) = i(g), g is unimodular and p g is an invariant.
Proposition 11. Let B be the Borel subalgebra of a simple Lie algebra g of type A n , n ≥ 2, and let N be its nilradical. Then, (n + 1) .
(
n . In particular N is singular.
(iii) If n is odd then F (N) is a CP of N. If n is even then F (N) is the intersection of two CP's of N.
Proof. (i) This is due to Dixmier [D3] since N can be identified with the Lie algebra of strictly lower triangular (n + 1) × (n + 1) matrices. Clearly, dim N = 1 2 n(n + 1) and
(ii) There are two cases to distinguish:
Consequently, N is singular by Remark 5.
(iii) See [O4, Theorem 4.1].
(iv) This is obvious if n is odd since then c(
Theorem 4.1]. It follows that:
Remark 12. In case g is simple of type C n then N is coregular [J2] and nonsingular since codim N * sing = 2 [J6, Lemma 2.6.17]. Furthermore, N admits a CP [EO, Theorem 6 .1] which is unique since it coincides with F (N).
Each of the following provides a test for coregularity. The first two can be found in [OV, Corollary 1.2] . We add a minor extension to the first, while the third one will be shown in the more general setting of Theorem 26.
Theorem 13. Let g be a nonabelian, coregular Lie algebra without proper semiinvariants. Let f 1 , . . . , f r be homogeneous, algebraically independent generators of Y (g). Then,
Moreover, equality occurs if and only if deg f i ≤ 2, i : 1, . . . , r.
(2) codim g * sing ≤ 3 (3) Suppose in addition that g is algebraic. If g admits a CP then codim g * sing ≤ 2.
The following is a converse of the sum rule. It extends [PPY, 
, be homogeneous, algebraically independent polynomials such that (ii) [PY, 2 .1] A is strongly complete if and only if A is algebraically closed in S(g) (i.e. if f ∈ S(g) is algebraic over A then f ∈ A).
The following provides a useful criterion in order to verify the condition of (ii). It is the characteristic zero version by Panyushev, Premet and Yakimova [PPY, Theorem 1.1], [P, Theorem 1.5 ] of a result by Skryabin [Sk, Theorem 5.4 ] in positive characteristic.
(ii) M is not necessarily complete and Q(M) is not necessarily a maximal Poisson commutative subfield of R(g).
Poisson commutative subalgebra of S(g) containing M and therefore coincides with M.
(ii) Consider the 3-dimensional, algebraic Lie algebra g with basis x, y, z, with nonzero brackets [x, y] = y and [x, z] = z. Clearly, i(g) = 1, and c(g) = 2. One easily verifies that M = k [x] is a maximal Poisson commutative subalgebra of S(g). However, it is not complete as trdeg
is not a maximal Poisson commutative subfield of R(g) since it does not contain y/z which Poisson commutes with x.
Proposition 18. Let A be a subalgebra of S(g) such that Q(A) is a maximal Poisson commutative subfield of R(g). Then,
, which is a maximal Poisson commutative subalgebra of
(iii) Suppose B is a commutative subalgebra of U(g) such that the symmetrization s : A → B is an associative algebra isomorphism, then the same is true of
for any nonzero c ∈ A ∩ Z(g), where A c (resp. B c ) is the localization of A (resp. B) at c.
(iv) Suppose that A is a graded subalgebra of S(g) and that
Proof.
commutes with
A. On the other hand, take x ∈ A ′ , i.e. {x, A} = 0, which implies that {x, Q(A)} = 0. By the maximality of Q(A) we obtain that
follows easily from the fact that
(ii) This is straightforward and well-known.
(iii) This can be easily deduced from the fact that s(cx) = cs (x) for all x ∈ A and nonzero c ∈ A ∩ Z(g).
(iv) Let (U q ) q≥0 be the natural increasing filtration of U(g). The associated graded algebra gr(U(g)) can be identified with S(g).
The elements u ∈ U q \U q−1 are said to be of degree q and [u] = u mod U q−1 is called the leading term of u. Obviously, B c ∩ U(g) ⊂ Q(B) ∩ U(g). Next, we take a nonzero w ∈ Q(B) ∩ U(g). By induction on n = deg w we show that w ∈ B c ∩ U(g). Since B = s(A) we can find x, y ∈ A such that w = s(x)s(y) −1 .
, and y = y q + . . . + y 0 , y q = 0, be the decomposition of x and y into homogeneous components, which belong to A by assumption. In particular, [s(x)] = x p ∈ A and [s(y)] = y q ∈ A. Now we observe that
Clearly, w − s([w]) ∈ Q(B) ∩ U(g) and its degree is strictly less than n. By the induction hypothesis,
Examples 19.
(1) Suppose g admits a CP h ⊂ g. Then S(h) is a polynomial, strongly complete subalgebra of S(g) (Indeed, by Theorem 7
If h is a CPI of g then {g, S(h)} ⊂ S(h). Similar results hold for U(h).
(2) Let g be an n-dimensional, nilpotent Lie algebra. Choose an increasing sequence of ideals g i of g such that dim g i = i, i : 0, . . . , n. Following Michèle Vergne [V] we let A (respectively B) be the subalgebra of S(g) (resp. U(g)) generated by the union of
⊂ B and the symmetrization s : A → B is an associative algebra isomorphism. The quotient field Q(A) (resp. Q(B)) is a maximal subfield of the Poisson field R(g) (resp. of D(g)), which is a purely transcendental extension of k of degree c(g). Since g is nilpotent U(g) satisfies the Gelfand-Kirillov conjecture [GK] . In [V] the analogue of this is shown for the Poisson algebra S(g).
Moreover, if g is indecomposable of dimension at most seven we will see in section 3 that M is polynomial and that M = A c ∩ S(g) for some nonzero c ∈ A ∩ Z(g). Consequently, the symmetrization s : M → N is an associative algebra isomorphism by (iii) and (iv) of Proposition 18 as A is a graded subalgebra of S(g). In the sequel we will denote A by V (g) for a fixed sequence of ideals.
(3) The first part of Proposition 18 can also be employed if g is solvable, because then there exists a polynomial subalgebra
. This result played an essential role in Joseph's proof of the Gelfand-Kirillov conjecture in the solvable case [J1] .
The Mishchenko-Fomenko algebras and the Bolsinov criterion
Let x 1 , . . . , x n be a basis of g and let f ∈ S(g) be a polynomial of degree d in the
Furthermore, if f is homogeneous, then so are the ξ-shifts. Denote by Y ξ (g) the subalgebra of S(g) generated by the ξ-shifts of all f ∈ Y (g) (or equivalently of the generators of Y (g)). The subalgebras of the form Y ξ (g) are called the Mishchenko-Fomenko algebras. It was observed by Mishchenko and Fomenko that these subalgebras are Poisson commutative [MF] and hence trdeg k Y ξ (g) ≤ c(g). They also showed that for g semi-simple, Y ξ (g) is complete (i.e. that equality occurs) for all ξ ∈ g * reg [MF] . A general criterion by Bolsinov asserts that for any g and ξ ∈ g * reg that Y ξ (g) is complete if and only if g is nonsingular [Bo1, Bo2] . However, one must here include the condition that trdeg k Y (g) = i(g) as pointed out by Panyushev and Yakimova [PY, Theorem 2.3] . We now provide the following.
Counterexample 20 (to Bolsinov's assertion) It is example (5.8) of [DDV, p. 322] , namely the 8-dimensional solvable Lie algebra g with basis x 0 , x 1 , . . . , x 7 over k with nonzero brackets:
Then, g is algebraic and unimodular with i(g) = 2. Also, 
with equality if and only if ξ ∈ g * wreg .
Now, we want to compare c(F (g)) with c(g). For instance they coincide if F (g) is of codimension one in g by [EO, (4) of Proposition 1.6]. At the same time we will examine when the commutativity of F (g) guarantees the existence of a CP in g (the converse is always valid).
Theorem 22.
(1) c(h) ≤ c(g) for any Lie subalgebra h of g.
So, c(g) = c(F (g)) if g is nonsingular (by Remark 5). In particular, any complete Poisson commutative subalgebra of S(F (g)) is also complete in S(g). If in addition F (g) is commutative then F (g) is the only CP of g. Proof.
(1) Fix ξ ∈ g * reg . Then, B ξ (x, y) = ξ( [x, y] ) is an alternating bilinear form on g. Consider ξ | h ∈ h * . By [D5, 1.12.17] there exists a solvable Lie subalgebra P of
which is subordinate to ξ | h and hence also to ξ. Because of the latter we may conclude by [D5, 1.12 .1] that
From the Poisson commutativity of Y ξ (g) and by using Theorem 21 we deduce:
which implies ( * * ). Suppose that g is nonsingular and that F (g) is commutative. Then dim F (g) = c(F (g)) = c(g), i.e. F (g) is a CP of g. On the other hand, let h be a CP of g. Then we know that F (g) ⊂ h. Having the same dimension we conclude that F (g) = h. 
Remark 23. (See also [EO, Proposition 2.2])
For any nilpotent Lie algebra g of dimension at most 7 we have that:
In higher dimension this is no longer valid. Indeed in [EO, 3. 1] examples of square integrable, nilpotent Lie algebras g without CP's are given. In particular,
Proof. In view of the previous theorem it suffices to verify that F (g) is not commutative for any singular indecomposable nilpotent Lie algebra g, dim g ≤ 7, without CP's, i.e. for the Lie algebras 21, 69, 77, 100, 101 (see sections 3.2 and 3.3).
The following is an abbreviated version of an important extension by Panyushev and Yakimova [PY] of a result by Tarasov [T] in the semi-simple case.
Theorem 24. Suppose that g is algebraic for which:
(i) Y (g) is freely generated by homogeneous polynomials f 1 , . . . , f r , where r = i(g), such that
(ii) codim g * sing ≥ 3 Then, for any ξ ∈ g * reg , Y ξ (g) is a polynomial, strongly complete subalgebra of S(g).
Example 25. Let g be the diamond Lie algebra over k, i.e. the 4-dimensional solvable Lie algebra with basis t, x, y, z with nonvanishing brackets
g is algebraic and it is easy to verify that i(g) = 2 and codim g * sing = 3. Y (g) is freely generated by the homogeneous polynomials xy − tz and z of which the sum of the degrees equals 3 = c(g).
which is a polynomial, strongly complete subalgebra of S(g) by the previous theo-
On the other hand, take
, which is also a polynomial, strongly complete subalgebra of S(g) and this time {g,
Theorem 26. Let g be a nonabelian unimodular, coregular Lie algebra such that
, be a basis of h. We know that F (g) ⊂ h. As seen in the proof of Theorem 22,
where S(h) is a Poisson commutative subalgebra of S(g). It follows that Y ξ (g) = S(h) by the maximality of Y ξ (g). By Theorem 21
By assumption Y (g) is freely generated by homogeneous polynomials f 1 , . . . , f r , where r = i(g). Then the extended sum rule (Remark 10) asserts that
Y ξ (g) is freely generated by these ξ-shifts. From the equality
we obtain that these two polynomial rings have the same Gorenstein invariant [OV, Example 5 .6], i.e.
Since the sum on the left hand side consists of c(g) positive integers, we deduce that deg f
g is abelian, contradicting our assumption. Finally, suppose in addition that g is algebraic, then we conclude that codim g * sing ≤ 2 by theorem 24.
Example 27: The standard filiform Lie algebra g(n) g(n) is the nilpotent Lie algebra with basis x 1 , . . . , x n and nonzero brackets:
) is finitely generated [Ce4] , but it is not always a polynomial algebra. Dixmier verified by direct computation that g(3) and g(4) are coregular, but that g(5) is not [D2] . In fact g = g(n) is not coregular if n ≥ 5 by (1) of Theorem 13 [OV, Example 1.7] . We now want to arrive at the same conclusion by invoking the previous theorem. So, let us assume that g(n) is coregular. Clearly, i(g(n)) = n − 2 and therefore c(g(n)) = 1 2 (n + n − 2) = n − 1. Hence h =< x 2 , . . . , x n > is a CP of g(n). One verifies that codim g * sing = n − 2. Since g(n) is nilpotent we may apply the previous theorem in order to conclude that codim g * sing ≤ 2, i.e. n ≤ 4.
For the explicit generators of Y (g(n)), n ≤ 6 we refer to [O5, section 5] . We now want to comment on Y (g (7)). From the classical correspondence with the SL(2)-covariants of the binary quintic we know that Y (g (7)) is minimally generated by 23 elements, satisfying 168 relations [GY, pp. 131, 144 ]. An attempt to find these generators by using SINGULAR [GPS] failed because our computer ran out of memory. However, later on we found them explicitly in an unpublished, carefully handwritten manuscript by André Cerezo [Ce4] , see also [Ce3] . The size of most of these generators is gigantic and their description takes about 20 pages. For this reason we will only include in 3.2 (# 159) the 5 algebraically independent homogeneous generators of the quotient field of Y (g (7)).
Example 28. (See also [JS, 8.3] ) Let g be the solvable Lie algebra with basis x 0 , x 1 , . . . , x n and nonzero brackets [x 0 , x i ] = r i x i , i : 1, . . . , n, where the r i 's are (nonzero) rational numbers such that
Proof. Clearly g is algebraic and unimodular with i(g) = n − 1 and n ≥ 2. Hence c(g) = 1 2 (n + 1 + n − 1) = n and so h =< x 1 , . . . , x n > is a CP of g. Also codim g * sing = n. Next, we claim that
Using the fact that each element of R(g) g is the quotient of two semi-invariants of S(g) of the same weight, it is not difficult to verify that R(g) g is generated as a field 
This establishes the claim. Consequently,
by (1) of Theorem 1 since g is algebraic. Now, suppose g is coregular. Invoking the previous theorem, we deduce that n = codim g * sing ≤ 2 and thus n = 2. The converse is obvious.
Remark 29. One would expect Theorem 24 to be applicable for quadratic Lie algebras. This is indeed the case for semi-simple Lie algebras [T] , the diamond Lie algebra (Example 25) and the quadratic nilpotent Lie algebras of dimension at most 6 (g 5,4 (#7) and g 6,3 (#22) [O5,5] ). However this is not true for g 7,2.4 (#101) (See Example 32), which is the only indecomposable, quadratic nilpotent Lie algebra of dimension 7. In fact, g 7,1.1(iii) (#136) (See Example 33) is the only 7-dimensional indecomposable nilpotent Lie algebra which satisfies the conditions of Theorem 24.
A conjecture by Milovanov
The following assertion raised by Milovanov, has been verified for a number of low dimensional Lie algebras by Korotkevich [K] .
Conjecture 30. For any solvable Lie algebra g there exists a complete Poisson commutative subalgebra M of S(g) generated by elements of degree at most two.
We thank Oksana Yakimova for informing us about this and for giving some helpful suggestions. In the next section we will show this conjecture to be valid for all indecomposable (and hence also for all) at most 7-dimensional nilpotent Lie algebras. This is obvious if g admits a CP h, namely just take M = S(h), see (1) of Examples 19. Also, the subalgebra M as constructed in (2) of Examples 19 has the required properties, except for the Lie algebras 134, 135, 136. For these an alternative subalgebra is given, denoted by M 1 , (see e.g. Example 33), satisfying the conjecture.
Indecomposable nilpotent Lie algebras of dimension
We will use the classification of Magnin [Ma1, Ma2, Ma3] and of Carles [Ca] . In view of the work already done in [O5,5] , it suffices to consider all 7-dimensional indecomposable nilpotent Lie algebras g for which i(g) > rank g (77 cases in total, of which g 7,0.4(λ) (# 84) is the only infinite family).
Procedure and examples
Most of the calculations are done with MAPLE and with SINGULAR (if g has an abelian ideal of codimension one). We will primarily follow the method Dixmier used for dimension 5 [D2, pp. 322-330] . Therefore we recall the following special case of one of his results [D1, p. 333] .
Theorem 31. Let g be a nilpotent Lie algebra and let
be a sequence of ideals of g such that for each j : 1, . . . , n, dim g j = j and [g,
(1) Then for each such j there is a nonzero element
In (2), (3), (4) a j , b j , c j are chosen to satisfy (1).
It is the field generated by a j 1 , . . . , a jr , which are algebraically independent over k. In particular, r = i(g).
setting a can be taken in Z(g))
Using this we construct as a first step homogeneous, algebraically independent elements f 1 , . . . , f r ∈ Y (g), which generate the quotient field R(g) g , r = i(g). At this stage we recover the results of Romdhani [R] , although quite a few cases are missing [G, pp. 146-149] and some minor corrections have to be made. Next, we distinguish two major classes:
Then g is coregular since Y (g) is freely generated by f 1 , . . . , f r by Theorem 14. We have two subclasses:
Ia. g is singular (19 cases) Ib. g is nonsingular (35 cases) We describe the procedure by giving a nontrivial example for each case.
Example 32. (See Remark 29) Let g be the nilpotent Lie algebra g 7,2.4 ∼ = (23457C) ∼ = R 13 (# 101) with basis {x 1 , . . . , x 7 } and nonzero brackets:
Clearly, i(g) = 3 > 2 = rank g (the 2nd index of g 7,2.4 ). Hence c(g) = 1 2 (7 + 3) = 5. The symmetric bilinear form b on g with nonzero entries
is invariant and nondegenerate. So, g is quadratic and hence also quasi quadratic (i.e. F (g) = g). In particular g has no CP's. Next, we consider the flag of ideals g 0 = {0}, g 1 = x 7 , g 2 = x 6 , x 7 , . . . , g 6 = x 2 , . . . , x 7 , g 7 = g for which [g, g j ] ⊂ g j−1 , j : 1, . . . , 7. Y (g) contains the following homogeneous elements:
(f 3 is the Casimir element w.r.t. b). By Theorem 31 they form algebraically independent generators of the quotient field of Y (g). One verifies that p g = x 7 , hence g is singular. We also observe that
By Theorem 14 we may deduce that
i.e. g is coregular. Next, we take ξ = x * 7 ∈ g * reg . Then the Mishchenko-Fomenko algebra
has transcendence degree 4 < c(g), as expected by Theorem 21, so it is not complete. Moreover, it is not maximal Poisson commutative since it is strictly contained in the Poisson commutative subalgebra
In order to follow the approach of (2) of Examples 19 we need to consider:
The subalgebra generated by the union of these is:
The Jacobian locus of its generators is:
which has codimension 3. Then combining Theorem 16 and (ii) of Proposition 15 we deduce that M = V (g) is a strongly complete Poisson commutative subalgebra of S(g). Note that M satisfies the Milovanov conjecture. In addition M is a polynomial subalgebra for which {g, M} ⊂ M and Q(M) is a maximal subfield of the Poisson field R(g) (see (2) of Examples 19). In view of Remark 2 and (2) of Examples 19 we may conclude that:
and that
is a polynomial, maximal commutative subalgebra of U(g) of transcendence degree c(g) for which [g, s(M)] ⊂ s(M).
Example 33. (See Remark 29)
Let g be the nilpotent Lie algebra g 7,1.1(iii) ∼ = (23457G) ∼ = R 11 (# 136) with basis {x 1 , . . . , x 7 } and nonzero brackets:
Clearly, i(g) = 3 > 1 = rank g and c(g) = 1 2 (7 + 3) = 5. One verifies that g is quasi quadratic (i.e. F (g) = g) and therefore g has no CP's. Consider the flag of ideals g 0 = {0}, g 1 = x 7 , g 2 = x 6 , x 7 , . . . , g 6 = x 2 , . . . , x 7 , g 7 = g for which [g, g j ] ⊂ g j−1 , j : 1, . . . , 7.
Y (g) contains the following homogeneous elements: By Theorem 31 they form algebraically independent generators of the quotient field of Y (g). One verifies that codim g * sing = 3. In particular g is nonsingular, so deg p g = 0 by Remark 5. Since
by Theorem 14, so g is coregular. Using the same reasoning as in the previous example, we obtain that
is a polynomial, strongly complete Poisson commutative subalgebra of S(g), for which {g, M} ⊂ M and Q(M) is a maximal subfield of the Poisson field R(g). These results can be literally carried over to the enveloping algebra U(g). Indeed, each of the monomials appearing in f 3 is a product of commuting variables. By Remark 2 and (2) of Examples 19 we have that
where s(M) has similar properties as M. The same phenomenon occurs in all other Lie algebras of our list. Next, we take ξ = x * 5 ∈ g * reg . The ξ-shifts of f 3 are f 3 , f 
] is a polynomial, strongly complete Poisson commutative subalgebra of S(g).
Finally, following a suggestion by Oksana Yakimova, we decompose f 3 as follows: 
is a polynomial, strongly complete Poisson commutative subalgebra of S(g), of which the generators have degrees at most two.
II.
It turns out that in each case g is not coregular. The minimal generators of Y (g) satisfy only one relation, except for g 7,3.2 (# 158) (63 relations) and g 7,2.3 (# 159) (168 relations).
Example 34. Let g be the nilpotent Lie algebra g 7,1.01(i) ∼ = (12357B) ∼ = R 43 (# 154) with basis {x 1 , . . . , x 7 } and nonzero brackets [
It is easy to verify that i(g) = 3 > 1 = rank g so c(g) = 1 2 (7 + 3) = 5 and also h = x 2 , x 4 , x 5 , x 6 , x 7 is a CP of g. On the other hand, codim g * sing = 3. Consequently, g is not coregular by (3) of Theorem 13. In order to find the generators of Y (g) we use Dixmier's methods of [D2, pp. 328-329] . So, consider the flag of ideals g 0 = {0}, g 1 = kx 7 , g 2 = x 6 , x 7 , . . . , g 6 = x 2 , . . . , x 7 , g 7 = g, for which [g,
One verifies that Y (g) contains the following x 7 , f = x f, g, h] . For this we will need the following lemmas.
Lemma A. Let P be a polynomial in 3 variables X, Y , Z with coefficients in
Proof. Let I be the ideal of S(g) generated by x 7 . We identify the quotient S(g)/I with k[x 1 , . . . , x 6 ]. Then the canonical images of f , g, h are By assumption we obtain P (x We now decompose P as follows:
Considering the terms in x 5 , we see that for all i :
. Consequently, the same holds for P .
Proof. By assumption there are g i ∈ k[f, g, h] such that
Clearly, g 0 is divisible by x 7 in S(g) and hence by the previous lemma also by f 4 −g 3 , i.e. there is a g
and finally
We can now establish the claim. Indeed, take q ∈ Y (g). In particular, q ∈ k[x 7 , f, g, x
By applying the previous lemma t times, we arrive at q ∈ k [x 7 , f, g, h] . Hence, f, g, h] . The other inclusion is obvious. Also, Z(U(g)) = k [x 7 , f, g, h] .
is a polynomial, strongly complete Poisson commutative subalgebra of S(g) (see (1) of Examples 19) with generators of degree one and {g, M} ⊂ M.
Example 35. Let g be the nilpotent Lie algebra g 7,1.21 ∼ = (12457F ) ∼ = R 36 (# 150) with basis {x 1 , . . . , x 7 } and nonzero brackets:
i(g) = 3 > 1 = rank g and c(g) = 1 2 (7 + 3) = 5. One verifies that F (g) = x 1 , x 3 , x 4 , x 5 , x 6 , x 7 , which is not commutative. Therefore g has no CP's. Note that Z(g) = x 7 and that codim g * sing = 2. Hence deg p g = 0 by Remark 5. Consider the flag of ideals g 0 = {0}, g 1 = {x 7 }, g 2 = x 6 , x 7 , . . . , g 6 = x 2 , . . . , x 7 , g 7 = g, for which [g, g j ] ⊂ g j−1 , j : 1, . . . , 7. Y (g) contains the following homogeneous elements:
By Theorem 31 they form algebraically independent generators of the quotient field of Y (g). It is easy to check that any element of Y (g) of degree at most 2 is a linear combination of x 7 , x 2 7 and f . Now suppose g were to be coregular. By (1) of Theorem 13 the equality
Using a similar argument as in the previous example we obtain that
Next, we observe that
The subalgebra generated by the union of all these is:
The Jacobian locus of its generators is {ξ ∈ g * | ξ(x 6 ) = 0 = ξ(x 7 )} which has codimension 2. Combining Theorem 16 and (ii) of Proposition 15 we see that M is a polynomial, strongly complete Poisson commutative subalgebra of S(g). Clearly, f, g ∈ M. Since x 7 and hx 7 = 4f 3 − g 2 ∈ M we obtain that h ∈ M by (i)
of Remark 17 because M is a maximal, Poisson commutative subalgebra of S(g).
′ by the maximality of M. This means that we are in the situation of (2) of Examples 19. In particular, {g,
and s(M) is a polynomial, maximal commutative subalgebra of U(g). Finally, we observe that the Milovanov conjecture is satisfied and also that M ⊂ S(F (g)). So, M is also a strongly complete Poisson commutative subalgebra of S(F (g)).
3.2. The list of 7-dimensional indecomposable nilpotent Lie algebras with i(g) > rank g The main purpose is to describe for each Lie algebra g the Poisson center Y = Y (g) and also to give a polynomial, strongly complete Poisson commutative subalgebra M ⊂ S(g) for which {g, M} ⊂ M and the quotient field Q(M) is a maximal Poisson commutative subfield of the Poisson field R(g). As pointed out earlier (see Example 33) these results may also be interpreted as taking place in the enveloping algebra U(g). So Y can be regarded as the center Z(U(g)) and M as a maximal commutative subalgebra of U(g) with similar properties. Moreover, the generators of M have degrees at most two, except for the Lie algebras 134, 135 and 136. For the latter we offer an alternative polynomial, strongly complete subalgebra M 1 ⊂ S(g) with generators of degree at most two. Furthermore, we also give the Frobenius semi-radical F = F (g) and if it exists a CP-ideal (CPI) of g. Other abbreviations are: i = i(g), r = rank g, c = c(g), p = p g the fundamental semi-invariant, cod = codim (g * sing ), SQ.I. = square integrable, Y ξ is the Mishchenko-Fomenko algebra.
Notation. We use the same notation as Magnin [Ma2, Ma3] , but we will also include the notation of Seeley ((...)) [Se] and Romdhani (R − ) [R] . Since this is the continuation of [O5,5] , where 82 different cases were listed, we start numbering at 83.
I. g is coregular (54 cases)
Ia. g is singular (i.e. codim g * sing = 1, 19 cases)
Ib. g is nonsingular (35 cases)
i(g) = 3; codim g * sing = 2, except 3 for g 7,1.1(iii) (#136).
106.
118. g 7,1.13
123. g 7,1.17 129. g 7,1.14 ∼ = (23457F ) ∼ = R For example: 83, 84, 85, 86, 87; 89, 90, 91, 92; 93, 94, 95, 96; 98, 99; 103, 104; 106, 107; 108, 109; 110, 111; 114, 115, 116; 118, 119; 137, 138, 139, 140; 141, 142; 144, 145; 146, 147; 151, 152; 153, 154. 3.4 .2 Lie algebras (among 1, 2, . . . , 159) without CP 's 7, 21, 22, 28, 69, 77, 100, 101; 121, 122, . . ., 136; 148, 149, 150, 155 (28 cases) . This
